We construct a hollow lattice polytope (resp. a hollow lattice simplex) of dimension 14 (resp. 404) and of width 15 (resp. 408). They are the first known hollow lattice polytopes of width larger than dimension. We also construct a hollow (nonlattice) tetrahedron of width 2 + √ 2 and conjecture that this is the maximum width among 3-dimensional hollow convex bodies.
Introduction
A convex body K ⊂ R d is called hollow or lattice-free with respect to a certain lattice Λ ∼ = Z d if int(K) ∩ Λ = ∅. The width of a convex body K ⊂ R d with respect to a linear functional f ∈ (R d ) * is the length of the segment f (K). We denote it width(K, f ). The lattice width of K is width Λ (K) := inf f ∈Λ * \0
width(K, f ).
We will omit Λ and write just width(K) when this creates no ambiguity. We will also say width of K meaning lattice width. The celebrated flatness theorem states that hollow bodies in fixed dimension d have bounded lattice width. That is, for each fixed d, the supremum of width(K) among all hollow bodies K ⊂ R d is a certain constant w c (d) < ∞. We are also interested in the following specializations of w c . We call w p (d) the maximum width among all hollow lattice d-polytopes, w s (d) the maximum width among hollow lattice d-simplices and w e (d) the maximum width among empty d-simplices; here a lattice simplex is empty if its only lattice points are its vertices. Observe that these specializations take integer values. Obviously, Much work has been done in finding upper bounds for w c (d) (see references, e.g., in the introductions to [9, 5] ). The current best upper bound is w c (d) ∈ O * (d 4/3 ) [11] , where the notation O( ) * denotes that a polylog factor is neglected. Better upper bounds are known for restricted convex bodies. For example, it is known that the maximum width of hollow (not necessarily lattice) simplices [5] and centrally symmetric hollow bodies [4] is in O(n log n).
But work on lower bounds is very scarce and, to the best of our knowledge, can be summarized as follows:
• Since the d-th dilation of a unimodular d-simplex is hollow and has width d, w s (d) ≥ d. • Sebő [12] showed w e (d) ≥ d − 2. 1 • Conway and Thompson (see [10, Theorem I.9 .5]) showed a lower bound of Ω(d) for the maximum width of hollow ellipsoids. • The following exact values are known for small d:
In this paper we improve these lower bounds, both for specific dimensions and in the asymptotic sense. For example, we here show w c (3) ≥ 2 + √ 2:
Theorem 1.1 (Section 5). There is a hollow (non-lattice) 3-simplex of width 2 + √ 2 3.4142.
This tetrahedron is obtained optimizing a common perturbation of two of the five existing hollow 3-polytopes of width 3, in much the same way as the value of w c (2) = 1 + 2/ √ 3 2.1547 in the table above is attained by optimizing a perturbation of the second dilation of the unimodular triangle (see details in Section 4). This makes us conjecture that:
Also, in previous literature we do not know of any hollow lattice d-polytope of width larger than d. We here show their existence: Theorem 1.3 (Sections 4 and 6). There is a hollow lattice 14-polytope of width 15 and a hollow lattice 404-simplex of width 408.
Our main technical tool is to use dilated direct sums of polytopes and convex bodies.
. . , m, be convex bodies containing the origin. Their direct sum is defined as
For a constant k ∈ R ≥0 , kC denotes the dilation of C by a factor of k. For a given lattice polytope or convex body C containing the origin (not necessarily in the interior) let us denote C ⊕m = m i=1 mC, the m-fold direct sum of mC with itself. The following proposition is a particular case of Theorem 2.2 in Section 2.
(1) width(C ⊕m ) = m width(C).
As a consequence we prove: Corollary 1.5 (Section 7). Let w * : N → R denote any one of the functions w s , w p , or w c . Then
This, in turn, implies our main asymptotic result: 
Thus, we only need to show the equality
The "≥" is obvious. For the "≤", let C be a hollow convex body with width(C)/ dim(C) very close to sup d w c (d)/d. We can approximate C arbitrarily by a hollow rational polytope P , and choose an integer m such that mP is a lattice polytope. By Proposition 1.4 we have that P ⊕m is a hollow lattice polytope of dimension m dim(C) and width(P ⊕m ) dim(P ⊕m ) = width(P ) dim(P ) width(C) dim(C) .
Another implication of our analysis of direct sums together with w c (2) = 2.1547 . . . and w c (3) ≥ 3.4142 . . . is Proposition 1.7 (Section 2). For every d we have
As a consequence,
Our results for w e are slightly weaker:
In particular,
We do not yet know whether there is an empty simplex of width larger than its dimension.
We believe our results are a first step towards the main goal concerning flatness lower bounds, which would be to show that sup d w * (d)/d = ∞, at least for w c .
Hollow direct sums
Since we will often be using direct sums, let us remind the reader of their combinatorial structure in the case of the summands being polytopes.
Lemma 2.1. Let P = P 1 ⊕· · ·⊕P m be a direct sum of polytopes. Then:
(1) If F i is a face of P i that does not contain the origin for each i then the join F 1 * · · · * F m of them is a face of P that does not contain the origin of dimension i dim(F i ) + m − 1. All faces of P that do not contain the origin arise in this way. (2) If F i is a face of P i that contains the origin for each i then the direct sum F 1 ⊕ · · · ⊕ F m of them is a face of P that contains the origin of dimension i dim(F i ). All faces of P that contain the origin arise in this way. In particular, the non-zero vertices of P are the points of the form (0, . . . , 0, v, 0, . . . , 0), with v a non-zero vertex of the corresponding P i , and 0 is a vertex of P if and only if it is a vertex of every P i .
Our main technical result is the following theorem. Proposition 1.4 is the case C 1 = · · · = C m and k i = m of it.
Theorem 2.2. Let C 1 , . . . , C m be convex bodies containing the origin and k 1 , . . . , k m > 0 dilation factors. Let
Then:
(1) If k i C i is a lattice polytope for every i then C is a lattice polytope. (2) If C i is a simplex with a vertex at the origin for every i then C is a simplex with a vertex at the origin. (1) is obvious, from the description of the vertices of direct sums in Lemma 2.1. For part (2) let d i be the dimension of C i . Each C i has d i non-zero vertices plus the origin so, by the same Lemma, C has d 1 + · · · + d m vertices plus the origin. Since C lives in dimension d 1 + · · · + d m , it must be a simplex.
To prove (3), first note that width
This proves that width(C) ≤ min i {width(C i )}. For the other inequality, given any lattice functional g = (g 1 , . . . , g m ) ∈ Λ * \{0} = ⊕ i Λ * i \{0}, we want to show that width(C, g) ≥ width(C i ) for some i. For this, let us choose any i with g i = 0. Then:
Finally, to prove part (4), suppose by contradiction that C is not hollow, and let
Observe that the assumption of the C i s containing the origin is no loss of generality: for lattice polytopes we can translate to have the origin as a vertex; for convex bodies we first enlarge so that they have lattice points in the boundary, then translate. In both cases we can use the modified C i s to construct the C in the statement.
A certificate for width
In Sections 4-6, we construct explicit examples of polytopes of width larger than their dimension. Before that, we show a heuristic method to certify the width of a convex body. This method indirectly takes advantage of the fact that in our examples the width is attained with respect to several different functionals.
By a rational path Γ in R d , with respect to a certain lattice Λ, we mean a concatenation of segments in rational directions. That is, Γ is given as a sequence p 0 , p 1 , . . . , p t of points in R d such that for every i the vector p i+1 − p i is parallel to a primitive lattice vector v. This allows us to define the lattice length of each segment [p i , p i+1 ] as the scalar λ > 0 such that λv = (p i+1 − p i ). The lattice length of Γ is the sum of the lattice lengths of the individual segments.
We say that a functional f is strictly increasing along Γ if
The open polar cone of Γ, denoted cone(Γ) • , is the set of functionals f ∈ (R d ) * that are strictly increasing along Γ. 2 Proof
since f takes an integer positive value in the primitive vector parallel to each segment of Γ.
Example 3.2. The necessity of considering only strictly increasing paths in cone(Γ) • is easily illustrated by letting P = [0, 1] 2 . The different boundary paths between opposite vertices have length two and prove that the width of P with respect to any functional in Λ * \ ( e * 1 ∪ e * 2 ) to be at least two. But, of course, the width of P with respect to the functionals e * 1 and e * 2 is 1. Remark 3.3. As a consequence of the Lemma, if Γ 1 , . . . , Γ k is a collection of rational paths of length w with the property that
then the lattice width of P is at least w.
A hollow lattice 14-polytope of width 15
Let A, B and C be the vertices of an equilateral triangle ∆ in the plane and let Λ be the affine lattice they generate. For example, let A = (0, 0), B = (1, 0), C = 1 2 , This construction was used by Hurkens [7] (see also Averkov and Wagner [3] ) to find a triangle of width 1 + 2/ √ 3 = 2.1547. He then showed that this is the maximum width among all hollow convex 2bodies.
We now consider the seventh refinement Λ := 1 7 Λ of Λ. As ca be observed in Figure 2 , apart of the three points of Λ used in their definition, the circles S i contain additional points of Λ . For example, the circle S 3 has the equation
and it contains the following six points of Λ :
. Lemma 4.1. The triangle T defined above is hollow and of width 2 + 1/7 = 2.1419 with respect to Λ. It is also rational, with its seventh dilation being a lattice triangle.
Proof. It is clear by our construction that T is hollow with respect to Λ, and since it has its vertices in Λ , its seventh dilation is a lattice triangle of Λ.
We now claim that the width of T in Λ is 15. It is easy to check that it has width 15 with respect to the three functionals f 0 , f 1 and f 2 that define edges of ∆. To show that the width of T is at least 15, we apply Lemma 3.1 to each of the three paths DHE (drawn in red in figure 2 ), EIF and F GD. These paths have lattice length equal to 15. It is easy to see that the polar cones of the paths are cone(f 0 , f 1 ), cone(f 0 , f 2 ) and cone(f 1 , f 2 ), so by Lemma 3.1, functionals in the interior of any of these cones will give width at least 15 to T . The only (primitive) functionals not in the open cones are precisely f 0 , f 1 and f 2 which, as said above, yield width 15.
Applying the construction from Proposition 1.4 to the hollow triangle T we get the first half of Theorem 1.3. More precisely:
Theorem 4.2. T ⊕7 is a 14-dimensional hollow lattice polytope of width 15. It has 21 vertices and 2 7 + 7 facets (2 7 simplices and seven combinatorially of the form segment⊕triangle ⊕6 ).
Proof. The first sentence follows from Lemma 6.1 and Proposition 1.4.
T ⊕7 has 21 vertices, by the description of vertices of direct sums in Lemma 2.1.
For the facets, the same lemma implies the following description:
(1) Facets of i P i that do not contain the origin are the joins of facets of the summands that do not contain the origin. In our case we have two edges to chose from in each summand, which gives us the 2 7 stated simplices. (2) Facets of m i P i that contain the origin are of the form
where F is any facet of P i that contains the origin (in case any exists). In our case we have one such facet for each of the seven summands, which gives us the additional seven facets.
A hollow 3-simplex of width 3.4142
The following is known to be a hollow 3-simplex of volume 25 and width 3 ([1, Figure 2 See Figure 3 .
We want to modify ∆ 0 to a non-hollow simplex of larger width, in the spirit of the previous section. For this, we observe that ∆ 0 achieves its lattice width only with respect to two functionals, namely the x and y coordinates. This means that we have a certain freedom to scale down the z coordinate and enlarge the other two, and we can simultaneously rotate the whole tetrahedron around the z axis. By combining these three things we have obtained the tetrahedron ∆ with the following four vertices: Remark 5.1. The family of tetrahedra from which we constructed ∆ (that is, rotations of ∆ 0 scaled independently in z and xy) also contains the third dilation of the unimodular simplex (compare Figure 4 to Figure 5 ). In this sense, ∆ is a common perturbation of two of the three existing lattice tetrahedra of maximal width [1] . x y Figure 5 . The third dilation of a unimodular tetrahedron, drawn in the same lattice and with the same conventions as in Figures 3 and 4 .
In order to study the width of ∆ consider the linear lattice associated to Λ, which is Λ := Λ − Λ = {(a, b, c) : a, b, c ∈ 2Z, a + b + c ∈ 4Z}, and observe that
Here and in what follows we use the standard coordinates in (R 3 ) * , so that (a, b, c) denotes the functional (x, y, z) → ax + by + cz.
Observe that the width of ∆ with respect to the following functionals equals 2 + √ 2:
(1) 1 2 (1, 0, 0), 1 2 (0, 1, 0), 1 2 (0, 0, 1), 1 4 (±1, ±1, ±1). We now prove that this is the width of ∆. Proof. In Figure 4 we have written, next to each vertical lattice line = (x 0 , y 0 ) × R intersected by ∆, the interval {z ∈ R : (x 0 , y 0 , z) ∈ ∆}. Hollowness follows from this information, since the intervals do not contain points of Λ in their interior.
To check correctness of these computations observe that the facetdefining inequality for triangle ABC is
Plugging in the coordinates (x 0 , y 0 ) ∈ {(−3, −1), (−1, 1), (−1, 3), (1, 1)} of the four vertical lines meeting the triangle ABC we get that the highest points of ∆ on each are indeed (−3, −1, 3), (−1, 1, , 1) ,
The rest of upper and lower bounds for the intervals in Figure 4 follow by symmetry.
To show that the width is at least 2 + √ 2 we will apply Lemma 3.1 to various paths. We will use two sets of paths: one set will have as polar cones the eight octants, the other set will have as polar cones the connected components of (R 3 ) * \ {(a, b, c) : a = ±b}. (Observe that the latter are non-pointed cones). Once we have paths with such polar cones and satisfying the hypotheses of Lemma 3.1, we will have covered all possible lattice functionals, except those which do not belong to any of the open polar cones. The latter are the multiples of 1 2 (0, 0, 1), Each path whose open polar cone is an octant will be formed of a segment parallel to one of ±(4, 0, 0), one parallel to one of ±(0, 4, 0), and one parallel to one of ±(0, 0, 4). To obtain a path whose open polar cone is the octant {a > 0, b < 0, c < 0}, for example, we will need a path with segments parallel to (4, 0, 0), (0, −4, 0) and (0, 0, −4). For each of these octants there is a unique ordered pair of vertices which can be connected via such a path. For example, the path whose polar cone is the octant {a > 0, b < 0, c < 0} goes from C to D and follows from
The length of this path is indeed
The order 4 symmetry of ∆, together with the fact that the opposite of a given path produces the opposite octant, shows that we have paths of length 2 + Again, symmetry of ∆ gives paths for the other three connected components of (R 3 ) * \ {(a, b, c) : a = ±b}.
A hollow lattice 404-simplex of width 408
We now want to construct a lattice simplex of width larger than its dimension. To do this via Theorem 2.2 we need a rational simplex with the origin as a vertex, which can be found in dimension four using the enumerations in [6, 8] . We do not know whether or not one exists in dimension three. Lemma 6.1. There is a rational hollow 4-simplex S of width 4 + 4/101 and with a lattice vertex whose 101-th dilation is a lattice simplex.
Proof. It is known that the following lattice 4-simplex is empty, that is, it has no lattice points other than its vertices, and it has width four ( [6, 8] ):
S 0 := conv{(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (6, 14, 17, 101) .
Observe that the facet of S 0 opposite the origin lies in the hyperplane 101x 1 + 101x 2 + 101x 3 − 36x 4 = 101. Since 101 is coprime with 36, dilating S 0 by a factor of 102/101 gives a hollow simplex S: apart of the five vertices of S 0 (which lie in the boundary of S) all other lattice points must be in the facet-defining hyperplane 101x 1 +101x 2 +101x 3 −36x 4 = 102.
Applying the construction from Proposition 1.4 to the hollow simplex S we get that S ⊕101 is a 404-dimensional lattice polytope of width 408. This proves the second half of Theorem 1.3. Remark 6.2. Any dilation of S 0 by a factor strictly greater than 102/101 is not hollow anymore, since the point (1, 2, 3, 14) = 17 101 (1, 0, 0, 0)+ 6 101 (0, 1, 0, 0)+ 65 101 (0, 0, 1, 0)+ 14 101 (6, 14, 17, 101) lies in the relative interior of the facet of S opposite the origin.
General lower bounds
In this section, we apply the direct sum construction of Theorem 2.2 to the explicit examples from the previous sections to obtain concrete lower bounds for w c (d), w p (d) and w s (d). In particular, we prove Corollary 1.5 and Proposition 1.7. For w c we have the more general result
Proof. For the first inequality, let K be a hollow convex d-body (resp., a lattice d-polytope, a lattice d-simplex) achieving w c (d) (resp. w p (d), w s (d) and, in the case of a lattice polytope, assume without loss of generality that the origin is a vertex of K). Then, apply Theorem 2.2 with C i = K and k i = m for all i. This gives a dm-dimensional hollow convex body (resp., a lattice polytope, a lattice simplex) of width m w * (d).
For the case of w c we have more freedom, since we do not need the k i s to be integers. Thus, if for each i = 1, . . . , m we let the C i s in Theorem 2.2 be hollow convex bodies of width w c (d i ) and we take k i = ( j w c (d j ))/w c (d i ) for each i. The theorem gives us a hollow convex body C of width j w c (d j )) and dimension j d j .
Inequality (2) implies that w c is strictly increasing. For w p and w s we can only prove weak monotonicity:
Proof. Let C 1 = [0, 1] and let C 2 be a lattice polytope (resp. a hollow simplex) of dimension d and with width(C) = w * (d). Apply Theorem 2.2 with k 1 > w * (d) and k 2 = 1. Question 7.3. Are w p , w s or w e strictly increasing? Since these w * take only integer values, strict monotonicity is equivalent to the inequality w * (d + 1) ≥ w * (d) + 1. Observe that for w e even non-strict monotonicity is unclear, due to its more arithmetic nature.
We can now prove Corollary 1.5 and Proposition 1.7:
Proof of Corollary 1.5. By Corollaries 7.1 and 7.2, the three sequences w c (d), w p (d) and w s (d) satisfy the conditions of the following elementary statement:
If a sequence (a d ) d∈N satisfies a d+1 ≥ a d and a md ≥ m a d ∀d, m ∈ N, then lim
Proof of Proposition 1.7. The inequalities
follow from applying Equation (2) of Corollary 7.1 with w c (1) = 1 w c (2) = 1+2/ √ 3 [7] and w c (3) ≥ 2+ √ 2 (Section 5). In turn, inequality
follows from the previous ones and the fact that every integer greater than 2 can be obtained as a nonnegative multiple of 2 plus a nonnegative multiple of 3.
Lower bound for empty simplices
We now look at w e . To prove the asymptotic lower bound stated in Theorem 1.8 we use the following lemma: i := 0 ⊕ · · · ⊕ v i ⊕ · · · ⊕ 0 ∈ R md with v i in the j-th summand, and define w (j)
i+1 ∈ R md , with i taken modulo d and j modulo m. Let
(1) width(P m ) ≥ (m − 3)w.
(2) P m is empty.
Proof. Observe that P m is contained in P ⊕m = m j=1 mP and tries to approximate it: the vertices of P ⊕m are 0 and {mv Let us denote v 0 = 0 and let i + , i − ∈ {0, . . . , d} be indices such that f 1 (v i + ) and f 1 (v i − ) are the maximum and minimum values of f 1 on P , respectively. Then,
For part (2) , to search for a contradiction assume P m is not empty. Let z ∈ P m ∩ Z dm be an integer point different from 0 and from the w (j) i s. We can then write z as a convex combination of the vertices of P m . That is:
i ≥ 0 and i,j λ (j) i ≤ 1. But since P m ⊂ P ⊕m , we can also write (4) z = µ 1 z 1 ⊕ · · · ⊕ µ m z m , with each z j ∈ P , µ j z j ∈ Z d , µ j ≥ 0 and j µ j ≤ m. Comparing Equations (3) and (4) we obtain
Claim: i λ (j) i = 0 for every j. Indeed, if there is a j where this sum is zero, assume without loss of generality that i λ (j−1) i = 0. Then Equation (5) gives
which is a nonzero point in P . Since P is empty and µ j z j ∈ Z d , we conclude that one of the λ (j−1) i s equals 1, so that z = w (j−1) i , a contradiction because z was assumed not to be a vertex of P m .
From the claim and Equation (5) it follows that µ j z j = 0 for all j. In order for µ j z j to be a lattice point we need µ j ≥ 1 (because 0 < µ j < 1 implies µ j z j to be a lattice point in P but not a vertex of P , which is not possible). Since on the other hand j µ j ≤ m, we conclude that
∀j.
This implies that every z j is a non-zero lattice point of P ; that is, for each j there is an i j such that z j = v i j . Equation (5) Remark 8.2. The above lemma, and its proof, generalize the way Sebő constructs empty m-simplices of width m − 2 (see [12] ). Indeed, letting P = [0, 1] our lemma gives an empty m-simplex of width (at least) m − 3. Sebő's m − 2 is obtained with an additional argument that works for [0, 1] but not (as far as we can see) for an arbitrary P . 
